field of characteristic zero, in which G is a completely reducible module for the 1 Lie algebra G , are described. In particular, the Lie superalgebras with semisimple 0 even part are described. ᮊ
INTRODUCTION
The finite-dimensional simple Lie superalgebras over an algebraically closed field of characteristic zero are divided into two classes: the classical and the nonclassical ones. The classical Lie superalgebras are the simple Lie superalgebras G s G [ G , in which the action of G in G is 0 1 0 1 completely reducible. This allows the use of representation theory to determine such structures. There appears the question of determining all the Lie superalgebras, not necessarily simple, satisfying the latter condition and, in particular, the Lie superalgebras with semisimple even part.
Ž . w This problem has been treated without proofs in 6, Chap. II, Proposix tion 1.2 with the use of the description of the semisimple Lie superalgew x Ž w x. bras given in the seminal paper 5 see also 3 . However, some Lie superalgebras are missing. The purpose of this paper is to fill in these w x missing superalgebras in 6 .
It should be noted that, with some extra conditions, Lie superalgebras w x with semisimple even part have been dealt with in 2 and that, quite recently, the analogous problems for Malcev superalgebras have been w x reduced to the Lie superalgebra case in 1 . The exact class of Lie superalgebras that we will determine completely is the class formed by the Lie superalgebras G s G [ G with reductive G and completely re- The paper is structured as follows. The second section will deal with some previous results needed in the paper. The next one will be devoted, w x following the ideas in 6 , to the classification of the semisimple Lie superalgebras G s G [ G with a completely reducible action of G in 0 1 0
G. The semisimplicity restriction will be removed in the last section. 1 Throughout this paper, we shall work over an algebraically closed field of characteristic zero F and all the algebras and superalgebras considered will be assumed to have finite dimension over F. The undefined notations w x will always be taken from 5 .
The overall idea of the paper is to show that if G is a semisimple Lie Ž superalgebra with a completely reducible action of G in G or just with 0 1 . Ž . semisimple G and if socle G denotes the sum, necessarily direct, of the 0 Ž . minimal ideals of G, then there is a subalgebra L such that G s socle G Ž . Ž . [ LProposition 7 . The elements of L act as derivations of socle G and it is important to determine the possibilities for the minimal ideals of G and for L. Clearly it is enough to deal with superalgebras G which are not a direct sum of proper ideals. This forces some homogeneity in the minimal ideals of G, but still G may have quite different minimal ideals ''sharing'' the subalgebra of derivations L. If the semisimplicity condition is dropped, then some extra work is needed to take account of the radical.
PRELIMINARY RESULTS
We shall give in this section some results needed to describe the Lie superalgebras in the title. First of all, we need the description of the Lie superalgebra of derivations of some simple superalgebras. For any simple Lie superalgebra G we identify G with the inner derivation superalgebra inder G, so we identify G with a subalgebra of der G.
For future reference, we explicitly state the next result:
Ž w x . P ROPOSITION 1 see 5, Proposition 5.1.2 . Let G be a classical simple Lie superalgebra strictly contained in der G; then one of the following possibilities occurs: 
Ž . semidirect sum, where d is the within proportionality unique odd endomor- 
G ªG are isomorphisms of G -modules. 
i If is an automorphism of P, then there is an automorphism of Ž . der G which necessarily preser¨es G extending .
Ž .
ii If d is a nonzero element of P such that the action of Ž . Ž . the form x ¬ ␣ x␣ , where ␣ g SL 2 s SL V and extends to the
Ž . For ii , notice that under the hypotheses, d acts diagonally on V , so 3 there is an automorphism of P such that, up to a scalar multiple, 
In order to study the Lie superalgebras mentioned in the title, it is enough to restrict ourselves to indecomposable ones. This means that they cannot be decomposed as a direct sum of two proper ideals. To deal with this situation, we require the next definition. Proof. Assume A Ž n. s 0 and let denote the projection of A onto 
Therefore, N is the only simple ideal of L with nonzero projection on P . 1 1 Similarly, define N to be the unique simple ideal of L with nonzero i projection onto P . L is the sum of the N 's, which are not necessarily
N is simple. Now, for any a g P , there are unique a g P , . . . , a g P 1 1 1 2 2 r r < such that a q иии qa g L, because ker s N s 0, and we define
Ž . a s a for each i. The rest is straightforward. x. Ž . 6.1 , the minimal ideals of G are isomorphic to tensor products S m ⌳ n , Ž . where S is a simple Lie superalgebra and ⌳ n is the Grassmann superalgebra on an n-dimensional vector space. Therefore, the minimal ideals of G contained in G are necessarily simple Lie algebras.
0
On the other hand, if S is a simple Lie algebra and a minimal ideal in w x w the semisimple Lie superalgebra G, again by 5, Theorem 6 , or 3,
w x Hence G s T and S, G s 0. We proceed now with T. Then:
be a semisimple Lie superalgebra and
0 1 Ä w x 4 Hs xgG : x,G s0 . Then,
H is an ideal of G and there is another
Moreo¨er, H is a semisimple Lie algebra Ž . in particular, a direct sum of classical simple Lie superalgebras .
Because of Proposition 5, we may restrict our attention to semisimple Lie superalgebras G with a completely reducible and faithful action of G 0 in G . We will do so and, as a consequence, G will be assumed to be a 1 0
reductive Lie algebra. w x Now, by 5, Theorem 6 we know that, because G is semisimple, its socle Ž . the sum, necessarily direct, of the minimal ideals verifies
[
with S , . . . , S simple Lie superalgebras. But
this is a reductive Lie algebra. Therefore,
Hence, by simplicity of S , S s 0 and S s S is a
reductive otherwise. 
Ž . a completely reducible and faithful action of G in G
, and let socle G s 0 1 r
Ž .
Ž .
[ S m ⌳ n as in Eq. be a classical simple Lie superalgebra.
As mentioned in the previous section, it is enough to consider indecomposable Lie superalgebras so, for the time being, G s G [ G will be an 0 1 indecomposable semisimple Lie superalgebra with a completely reducible w x and faithful action of G in G . Again, by 5, Theorem 6 ,
[ [
with e s 0, and der ⌳ n s
where S is a classical simple Lie superalgebra. Moreover, if n s 0 and
By indecomposability, r s 1 and G is a simple classical Lie superalgebra. The same happens if n s 0 and G s S m 1. and for each i s 1, . . . , r, one of the following situations occurs: 
Ž . G s T [ G has a consistent ‫-ޚ‬grading with the same G
, but with 
Ž . Ž . G s T , and G s G s Fd , although this is not an algebra grada- w i x Ž . and action in T gi¨en by z , x s kx for any x g T , k s 0, 1, y1, Therefore Ž .
. We will see first that if some G is of type iv , then so are all the direct î Ž . summands of G. That is, type iv does not mix with the other types for Ž . unsplittable L. Then, we will see that the same happens for type ii . [ Ž . Lie superalgebra A 1, 1 , so that der T is the semidirect sum of the ideal T [ иии [ T and an even subalgebra which is a direct sum of r copies of 
bra P s FD q Fz q FD and the Lie superalgebra , J s j g 1, . . . , r : G is of type ii and
minimum positive number of nonzero ␣ 's. We may assume that u s d q 
In the case G s B J s 1, . . . , r , the superalgebra G in Proposition 7 is described by the next example Ž w x . inspired by 6, p. 54 : Ž . is the d described in Proposition 7, case 4 . We define the Lie superalge-
where and I and J and
where u g [ D and u f L , k s 1, 2. We take such a u with
the smallest possible number of nonzero components in the basis
. As in a previous argument, we may take u g L such that
. w x w x yu gL . By minimality u , u y u g L and, since u , u s . Therefore, if we take any unsplittable subalgebra S of G in Eq. 5 and
0Ž
. any subspace T of G with full projections on each G and such that With G1 , i s 1, . . . , r, and T s PG2 , j s 1, . . . , s, and G s
Take a subalgebra L of the superalgebra [ Fd q Fd [
[ Fd with full projections on each direct summand. We define 0 ismq1 the superalgebra
as the subalgebra of [ mq rqs G which is the semidirect sum of the socle
and the subalgebra L. Ž . and for m s r s 0 and s s 1, G s der P q . which are either classical simple Lie superalgebras or superalgebras described in Examples 1, 2, and 3.
The goal of this section is to describe the superalgebras in its title. It will be shown that this problem reduces to the description given in Theorem A by means of some extensions of the following type: and multiplication given by L , V s G , G , V s 0, a, ¨de-
fined by the A-module structure of V for any a g A and¨g V, and the given multiplication in G. L is easily seen to be a Lie superalgebra, which will be called an elementary odd extension of G by V. 
U , so that U s [ U , ⌳ : U , and U s u g U : x, u s x u
for any x g U . Let each U be equipped with an A-module structure and 
Proof. Notice that
: ker , and also U , U : ker . Thus, w x ww x x U,U :ker and U , U , U s 0. . . from L to L . Because the representation is completely reducible, its restriction 
: G , rad L s 0. 
